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The confusion points of dichromats are derived from the constant-luminance planes of trichromats,
protanopes and deuteranopes experimentally defined by heterochromatic-flicker photometry: (1)
the zero-luminance planes of the observers considered in this experiment intersect almost exactly in
a line that crosses the plane of the chromaticity diagram in the tritanopic-confusion point and
confirm that the short-wavelength sensitive cones can be considered to have no contribution to
luminance; (2) protanopic- and deuteranopic-confusion points are taken as being defined by the
intersection of the tangent line to the long-wavelength region of the spectrum locus and the zero-
luminance plane for protanopes and deuteranopes, respectively. Copyright 01996 Elsevier Science
Ltd.
Dichromacy Confusionpoints Equiluminance
INTRODUCTION
Usually, according to the reduced-form hypothesis,
dichromatic colour vision is supposed to be obtainable
from trichromaticvisionby suppressionof one cone type.
Hence, for each kind of dichromacy, the three-dimen-
sional tristimulus space is reduced to a proper bidimen-
sional one. The non-physical stimuli able to excite a
defective-cone type belong to the corresponding sup-
pressed dimension. Such a relation existing between
normal-trichromatic and dichromatic visions suggested
the use of tristimulus space for the dichromats, with a
consequent many to one correspondence between
trichromatic-and dichromatic-colourstimuli.This many
to one correspondence creates loci with particular
propertieson the chromaticitydiagram drawn on a plane
of the tristimulusspace: the dichromaticcorrjinion lines
and conjitsionpoints.
The dichromatic confision lines are constant-dichro-
matic-chromaticity lines drawn on the plane of the
chromaticity diagram of normal-trichromats and are
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usually defined by means of colour-matching experi-
ments: the protanopicand deuteranopicobservershave to
match monochromaticlightsof wavelength in the region
of the green hues with proper red–blue monochromatic
mixtures; the tritanopes have to match monochromatic
lights of wavelength around 400 nm with red–green
monochromaticmixtures [for a general analysis of the
confusion points, see Scheibner & Boynton (1967);
Nimeroff (1970); Vos & Walraven (1971); Smith &
Pokorny (1972, 1975); Walraven (1974); Scheibner &
Paulus, 1978;and Fry (1992)].
The dichromaticconfusionpoints are the convergence
points of the dichromatic-confusionlines considered on
the normal-trichromaticchromaticitydiagram.
The reduced-formhypothesisimplies that the chroma-
ticity of each confusionpoint is that of the non-physical
stimuli able to excite the corresponding defective-cone
type. These non-physicalstimulihave no contributionto
dichromaticluminance,thus implying the following two
properties:
1. The constant dichromatic-luminanceplanes, zero
luminanceexcluded,have no intersectionwith these
non-physicalstimuli;
2. The dichromatic zero-luminance plane contains
these non-physicalstimuli.
Moreover, the constant dichromatic-luminanceplanes
correspondingto differentluminance are parallelplanes.
The intersectionlines between the chromaticity-diagram
plane and the zero-dichromatic-luminance plane are
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FIGURE 1. Perspective views of the CIE 1931tristimulus space with
the X + Y+ Z = 1 plane containing the chromaticity diagram (dashed
region) and the protanopic-zero-luminance plane (a), and the
deuteranopic-zero-lumimnceplane (b), respectively. LINE * defined
by Eq. (4) belongs to the plane of the chromaticity diagram. The
protan-alyche is the intersection line between the protanopic-zero-
luminanceplane and the chromaticity-diagramplane (a). Similarlythe
deutarr-alychrreisthe intersectionline between the deuteranopic-zero-
luminance plane and the chromaticity-diagramplane (b). P,DandT
are the protanopic, deuteranopic and tritanopic confusion points,
respectively.
calledprotan-alychneforprotanopes anddeutan-alychne
for deuteranopes (Wolf &Scheibner, 1983). The points
of these lines are the chromaticities of non-physical
stimuli having no contribution to luminance; the
correspondingconfusionpoint belongsto these lines.
In the present study, firs~ the constant-luminance
planes for normal trichromats, protanopes and deuter-
anopes have been experimentallydetermined.Then, the
correspondingzero-luminance planes were obtained by
parallel shifting. These zero-luminance planes have the
following three properties:
I. Obviously, the vectors belonging to these planes
have no contributionto luminance
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FIGURE 2. CIE 1931 (x, y)-chromaticity diagram obtained as a
projectionof Fig. 1on the planeZ = Ofrom infinity.The chromaticities
(lX,&) of the experimental vectors L orthogonal to the constant-
luminance planes are denoted by l. The segment bLd defines the
intervalof the chromaticities (1,,IY).LINE * is definedby Eq. (4). The
pnrtan- and deutarr-alychreare the zero-luminancechromaticitiesfor
protanopesand deuteranopes,respectively.The confusionpoints P, D
and T (for protanopes, deuteranopes and tritanopes, respectively)
denotedby. are those given in the text. The segmentD1D2definesthe
interval containing the deuteranopic confusion points given by
different authors (Nimeroff, 1970). The segment L1L2defines the
chromaticities of the vectors orthogonal to the constant-luminance
planes related to the deuteranopic-confusionpoints that belong to the
segment DID*.
2. For normal trichromats, the vectors applied to the
coordinate origin and orthogonal to these zero-
luminanceplanes belong with very good agreement
to a plane containing the Y-axis in the 1931 CIE
space
3. These zero-luminance planes intersect in a line
parallel to stimuli with zero-contribution to the
luminance for both the trichromats and the dichro-
mats considered in the present study.
The chromaticity of these stimuli is very close to the
tritanopic-confusionpoint. On the other side, assuming
that short-wavelength-sensitive(SWS) cones have no
contribution to the luminance, the tritanopic confusion
point must lie on all the alychnes, so therefore the three
alychnes intersect in the tritanopic confusionpoint. The
present experiment is an experimental evaluation of the
tritanopic-confusionpoint. The other confusion points
are assumed to be at the intersectionsof the protan- and
deutan-alychne with the line tangent to the long-
wavelength region of the spectrum locus. Then, in the
present study, it is shown that the confusion points are
obtainableby heterochromatic-luminancematching.
A perspectiveview of the planesdefinedaboveis given
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in Fig. l(a and b) and the projection on the chromaticity
diagram is given in Fig. 2.
THE MEASUREMENT
The constant-luminanceplanes of 29 normal trichro-
mats, two protanopes and three deuteranopeshave been
determined.
Colour vision was first examined by conventional
methods (Farnsworth D15 Panel and Nagel anomalo-
scopy) in all subjects, and the best refractive correction
for the testing distance was used.
The measurements were obtained by 20-Hz hetero-
chromatic sinusoidalflicker between a white-D65stimu-
lus of 14 cd/m2 and each one of six different stimuli,
whose chromaticities (x = 0.430, y = 0.313), (x = 0.421,
y = 0.285), (X= 0.286,y = 0.240), (X= 0.216,y = 0.347),
(x= 0.226,y = 0.377) and (x = 0.365,y = 0.416)were on
the dichromat’s confusion lines crossing the White-D65
chromaticityin the 1931CIE diagram at a distanceequal
to 0.1 from the chromaticity of the white D65.
The flickering stimuli were presented as a circular
2 deg visual field with a white-D65 surround at a
luminance of 7 cd/m2 and a magnitude of 9.3 deg by a
BARCO Calibrator MK2 monitor driven by a VSG2\2
14x 3-bit-computer card (Cambridge Research Sys-
tems). The monitor-refresh frequency was 112Hz. The
chromaticity coordinates of phosphors of the individual
monitor as certifiedby the producing factory were:
Red (x = 0.640, y = 0.340)Y = 40.8 cd/m2
Green (x= 0.277, y = 0.603)Y = 111.0cd/m2
Blue (x = 0.147,y = 0.061) Y = 10.5cd/m2.
The photometric calibration for the phosphors was
performed before each work session by the BARCO-
OPTISENSE-photometricprobe and the VSG2/2 card as
a functionof the voltagesdrivingthe gunsof the cathode-
ray tube (CRT). By using a three-phosphorCRT, only
two luminancematches are independentand sufficientto
define a constant-luminance plane in the tristimulus
space. Such matchesdefinean equiluminantplane,whose
goodness cannot be evaluated by the usual least-square
method, i.e. the parameters defining the equiluminant
plane have unknown error because a plane fits three
points exactly.Therefore, every observermatched all the
six lights considered with the white-D65 stimulus of
14 cd/m2because in this way the parameters that define
the equiluminant plane can be evaluated with an error
which represents the goodnessof fit.
The observersviewed the screen from 1.42 m in a dark
environment. After 10 min of adaptation, every subject
defined, in correspondence to the six lights considered,
six luminance intervals in which no flicker appeared.
Each interval was defined twice, first by increasing and
then by lowering the luminance, i.e. by four luminance
values.The mean range of these intervalswas 0.35 cd/m2
and the average of these four luminance was considered
to define a point of the constant-luminanceplane that
contains the white-D65 stimulus (XW,YW,ZW)at the
normal-luminance of LW= 14 cd/m2. This plane is
representedby the equation
LXX + LYY +LZZ = Lw, (1)
where the parameters(LX,LY,L=)are the componentsof a
vector L orthogonal to such a plane and LW-LX
Xw +LYYW+L#w is the luminance of the white D65
stimulus(XW,YW,ZW).Moreover, the equiluminantplane
of the Standard Observer is simplyLYY=LW=LYYW,i.e.
(LX=0, L,= 1, L, =0).
Each observer defined six stimuli (X[,Yi,Zi) i = 1,2,3
by matchingthe luminanceLwof the white stimulus.The
unknown parameters Lx, Ly and L= of Eq. (1) for the
different observers are evaluated by the least-square
method (Appendix I) by minimizing
X2 ~ f{ [L.– (L.rxi +LyYi +LzZi)] /Oi}2 (2)
i=l
related to the six points and the equation of the
equiluminantplane (usually, the error criis supposed to
be an equal constantfor each point and has no role in the
next computation).
RESULTSAND DISCUSSION
Red–green anomaly representation
The chromaticities(lX,IY)of the vectors (Lx,Ly,L=)are
definedby the usual normalizationrule
1X= Lx/(Lx + Ly + Lz), IY= Ly/(Lx + Ly + Lz),
1,= L,/(Lx + Ly +Lz) = 1 – 1. – 1,. (3)
Supposingthat the equiluminantsurface is a plane, the
errors are dependent on the observer’s skill. These
chromaticities are drawn in the CIE 1931 chromaticity
diagram and appear distributedalong a straight line with
remarkableregularity(Fig. 2). The correlationcoefficient
of these chromaticitiesis r =0.78 with the probabilityof
having a set of 34 measurements of uncorrelated
variables with Ir \ a 0.78 lower than 0.05%. Then these
chromaticitiescan be consideredas lyingon a segmentof
a straight line and consequently the vectors L can be
considered as belonging to a plane. The equation of the
line fittingthe chromaticities(lX,IY)can be written in the
form:
mXIX+ mYIY= 1, (4)
(labelled“LINE *“ in Figs 1 and 2) whoseparametersm.
and mYcan be evaluatedby the least-squaremethodin the
symmetricalform as presented in AppendixA and result
m. =0.79 + 0.02 and mY= 1.00 + 0.03 (the errors are
evaluated by supposing 1. and IY as independent
variables). The end points of this segment correspond
to the pure dichromats,i.e. the protanopes(point Q and
deuteranopes (point LJ The normal trichromats are
distributed around the point (x= –0.0153, y = 0.9856)
that, as expected, is close to the Standard-Observer
chromaticity(x= O,y = 1).
Tritanopicconfusionpoint
Zero-luminance planes can be obtained by parallel
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shifting from the measured constant-luminanceplanes.
The parallel shifting is a very simple transformation.The
parameters (LX,Ly, L=) of Eq. (1) define a vector L
orthogonal to the equiluminantplane. Since the equilu-
minant planes of different luminance and related to one
observer are mutually parallel, they are characterizedby
equal parameters. Hence, the zero-luminance plane is
represented by the equation LJ+ LYY+LJ =O or by
lx+ IYY+ I#?=O. Of course, the stimuli lying on each
zero-luminance plane have no contribution to the
luminance for the correspondingobserver. Moreover, as
seen before, the vectors L orthogonal to the constant-
luminance planes of different observers belong almost
exactly to a plane that contains the line of Eq. (4) and
crosses the coordinate origin. Thus, this plane is
representedby the equation:
nxx + nyY+ nzz= o (5)
with nX=(1–mX)/(3–mX–mY), nY= (1–mY)/(3–mX
—mY),n== 1/(3—m. —m=)satisfying the normalization
rule n. +nY+n== 1. The vector N = (nX, nY, n=) is
obtained up to a normalization factor by vector multi-
plication of two vectors applied in the origin of the
coordinatesand ending in two differentpointsof the line
of Eq. (4).
Therefore, in the experimental evidence that the
vectorsL belong almost exactly to such a plane (5), the
vectorN = (nX,nY,n=)is orthogonalto the vectorsL of the
different observers and is a zero-luminancestimulus for
all the observers. This stimulus belongs to the zero-
luminance planes of the different observers and is the
intersection line of these planes. Hence, any stimulus
parallel to this line has,with very good approximation,no
contributionto luminancefor all the observersconsidered
in this experiment.The chromaticityof this stimulus
(x, ~ nx = 0.174 t 0.038,y, - n, = -0.002 * 0.038)
is close to the usual tritanopic-confusionpoint.Following
the suggestion of Wolf and Scheibner (1983), the
chromaticity of such a stimulus is exactly the chroma-
ticity of the tritanopic-confusion point. Taking into
account the magnitude of yl with its error, the SWS
cones do not contribute to luminance (for normals,
protanopes and deuteranopes), in agreement with the
results of Eisner and MacLeod (1980). The validity of
this result is relative to the choice of a flicker frequency
of 20 Hz and seems in general agreementwith the results
of Stockman et al. (1991, 1993).
This estimation of the tritanopic-confusionpoint is
indirect and based on non-tritanopic observers. There-
fore, it can be easily extended to a wide population of
*The known spectral sensitivities of the different kinds of cones
stronglysuggests that the deuteranopic-confusionpoint lies on the
line tangent to the long-wavelengthregion of the spectrum locus,
that in the CIE averageis representedby the equationx + y = 1.The
same property for the protanopic-confusionpoint is a weaker
hypothesisand probablythis point is very close, but not exactly on
such a line. Anyway, in this paper both these confusionpoints are
taken to be on this line in order to have a more precise comparison
with other authors.
normals, protanopes and deuteranopes avoiding the
individual fluctuationsthat exist in the small tritanopic
population.In this way, the average on many individuals
could producea tritanopic-confusionpointwith very low
uncertainty.
Protanopicand deuteranopicconfision points
The plane of the chromaticity diagram X + Y+ Z = 1
intersects the zero-luminanceplanes for protanopes and
deuteranopes.Following Schroedinger(1925) and Wolf
and Scheibner (1983), we label these lines the protan-
alychne and deutan-alychne (Figs 1 and 2), which
represent the chromaticities of the protanopic and
deuteranopic zero-luminance stimuli, respectively. The
protanopic and deuteranopic confusion points must
belong to these two lines, respectively, because the
non-physicalstimulus able to excite only the defective-
cone type must lie on the zero-luminanceplane. Sincethe
protanopic- and deuteranopic-confusionpoints are sup-
posed generally to belong to the line tangent to the long-
wavelength region of the spectrum locus,* the intersec-
tion points (xP,yP)and (~d,yd)between this line and the
protan- and deutan-alychne, respectively, can be con-
sidered as the protanopic and deuteranopic confusion
points. If LP= (lPx, IP,J and Ld= (l@ ~d,y)are the
chromaticities of the vectors L for protanopes and for
deuteranopes,respectivelyILP,O,,.and L~.u,,. in Fig. l(a
and b)], the confusionpoints are:
(Xp= ~p,y/(~p,y- ~pJ)>Yp= ~p,y/(~pJ- ~P)Y))l
(X, = ~d,x/(zd.y - ~d~), Yd = ~d,y/(~d.x- ~d,y)) (6)
and their numericalvalues
(Xp = 0.749 t 0.005, y, = 0.251 t 0.005),
(xd= 1.535 t 0.009, yd = ‘0.535 t 0.009).
The pOint(xd,yd) is the result of the weighted average
of three deuteranopic observers, whose measurements
giVe three clustered points: (~d= 1.407 ~ 0.01, yd =
–0.407 ~ 0.01), (xd= 1.5395 + 0.009, yd = –0.5395
~ 0.009) and (x,j= 1.652 t 0.015, yd = –0.652
~ 0.015). Similarly, the point (xP,yP) is the result of
the weighted average of data from two protanopic
observers, whose measurements define two points:
(XP= 0.742 t 0.006, y,= 0.258 t 0.006) and (XP=
0.758 ~ 0.007, yP= 0.242 ~ 0.007). We believe that
the differencesbetween the dichromatsof the same kind
have several causes:
1. Different skill of the observers, that is taken into
account by the weighted average;
2. Different inertpigment,whose importancehas been
thoroughlyanalysedby Smith and Pokorny (1995);
3. Differences among photopigments of protanopes’
MWS cones (and similarly among deuteranopes’
LWS cones).
COMPARISONSAND CONCLUSION
The estimations of confusion points made by many
experimenters including the measurements described
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here are in general good agreement with regard to the
location of protanopic and tritanopic confusion points.
On the other hand, the location of the deuteranopic
confusion point is less certain. It has been located on a
segment of the line x +y = 1 with the end points
DI = (1.08, –0.08) and Dz = (2.3, – 1.3) (Nimeroff,
1970) (Fig. 2). This uncertainty is due to the distance of
the deuteranopicconfusionpoint from the chromaticities
of the physical stimuli and to the differences between
photopigments of deuteranopes’ LWS-cones. Anyway,
the range D1D2is too long and might simply indicatethat
the resultsof the differentauthorsare not comparable.In
fact, the distributionof these points through the years, as
reported by Nimeroff (1970), contracts to a shorter range
between (1.29, –0.26) and (1.7, –0.7). Moreover,Fig. 2
shows the segment LILz of the line of Eq. (4) relative to
the chromaticitiesof the vectorsL orthogonalto the zero-
luminance planes corresponding to the deuteranopic
confusion points of the segment D1D2.
It is worth remarking that the technique used in this
experiment deals with a CRT monitor whose red-
phosphor spectrum has narrow peaks, which can accent-
uate individual differences (Smith & Pokorny, 1995).
The same limitationappliesto mostof the experimentsof
confusion-pointmeasurement,which employ monochro-
matic-light mixtures. Monochromaticlights are used in
the Nagel anomaloscopeand in the analytical anomalo-
scope (Baker & Rushton, 1963; Mitchell & Rushton,
1971).
The method proposed here to evaluate the confusion
points yields results in complete agreement with other
authors, in spite of the low number of considered
dichromats, and might be the way for a more precise
definitionof the tritanopicconfusionpoint.
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APPENDIXA
The minimizingof the X2definedby Eq. (2) correspondsto solving
the followingset of linear equations
[
L, ~X~ + LY$XjYi + L. fXjZi = L. ,~~i
i=] i=] i=]
1
Lx ~XiYi + LY~ Y; + L, ~ YiZi z LW~ Yi (Al)j=l :=1 i=l i=l
LZ~XiZi + LY~ YiZi+ Lz ~ Z? z Lw& Zjj=l 1=1 i=] j=l
The parameters Lx, LY and L=defined by this set of equations are
functionsof the tristimrrhrsvalues (Xi,~, Zi) i = 1,2,...,6 and then the
errors of suchparameterscan be derivedby the usualerror-propagation
formulafor independentand casual errors taking into account that the
chromaticities(xi,yi,zi = 1—xi—y;)of the stimuli (Xi,Yi,Zi)are known
and that each operation of luminance matching produces a factor Si
such that (Xi= SJi, Yi= SiYi,Zi = Sizi),i.e. Si=Xi + Yi+ Zi.Therefore,
the errors are:
with
(A2)
~, = {x‘ [Si-LW/(~iLx +yiLY +ziLZ)]2/(M - 2)}’/2} (A3)i=l
andM =6 is the numberof matchingsusedto defineeach equiluminant
plane. The chromaticities are easily evaluated by Eq. (3). The least-
squaremethodconsidersthe experimentalquantitiesSiwithequalerror
and consequentlys,, SYand s=are evaluated by the uncertainties o.,of
the values Sjwith respect to the fittingplane. Then the quantitiesSX,SY
ands, are independentof the experimentalerrors of theSiandrepresent
only the goodness-of-fit.
Moreover, it is possible to evaluate the chromaticities (lX,IY)in a
simplerwayby applyingthe least-squaremethodto Eq. (1) rewrittenas
follows:
(X - XW)LX+ (Y - Yw)LY+ (Z - ZW)LZ= O. (A4)
Since the parametersLx,LYandL, of this equationare definedup to a
scale factor, the solutionis obtainedin a non-symmetricalway and the
method (Al) is preferable. The final results are slightly different but
compatible, taking into account the errors. Frequently, indirect
empirical quantities like the confusion points are given by many
authors neglecting the errors and it precludes a correct comparison
betweendifferentdata, becausethe resultsdependon the mathematical
proceduresand only the knowledgeof the errors can explain possible
discrepancies.
